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For complex industrial processes with multiple operating conditions, the traditional
multivariate process monitoring techniques such as principal component analysis
(PCA) and partial least squares (PLS) are ill-suited because the fundamental assump-
tion that the operating data follow a unimodal Gaussian distribution usually becomes
invalid. In this article, a novel multimode process monitoring approach based on finite
Gaussian mixture model (FGMM) and Bayesian inference strategy is proposed. First,
the process data are assumed to be from a number of different clusters, each of which
corresponds to an operating mode and can be characterized by a Gaussian component.
In the absence of a priori process knowledge, the Figueiredo–Jain (F–J) algorithm is
then adopted to automatically optimize the number of Gaussian components and esti-
mate their statistical distribution parameters. With the obtained FGMM, a Bayesian
inference strategy is further utilized to compute the posterior probabilities of each
monitored sample belonging to the multiple components and derive an integrated
global probabilistic index for fault detection of multimode processes. The validity and
effectiveness of the proposed monitoring approach are illustrated through three exam-
ples: (1) a simple multivariate linear system, (2) a simulated continuous stirred tank
heater (CSTH) process, and (3) the Tennessee Eastman challenge problem. The com-
parison of monitoring results demonstrates that the proposed approach is superior to
the conventional PCA method and can achieve accurate and early detection of various
types of faults in multimode processes. � 2008 American Institute of Chemical Engineers
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Introduction

Over the past two decades, chemical process monitoring
has gained tremendous attention in both academia and indus-
try.1–3 As modern industrial processes become more and
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more complex, automatic detection and identification of
process and instrument faults are necessary to ensure safe
operation, stable product quality, and sustainable profit in
chemical plants.4 Typically, thousands of regulatory loops,
sensors, and analyzers are present in a plant and there may
exist different kinds of interactions among such a large
number of variables.5,6 Therefore, it is really challenging to
monitor the large-scale chemical processes and detect vari-
ous types of faults accurately. Nowadays, process historian
databases are commonly implemented in industrial facilities
to provide plenty of operating data for the detection and
identification of abnormal conditions.7,8 Reliable computa-
tion methods are thus crucial to accomplish the successful
detection of process faults without disturbing the routine
operation.

Traditional monitoring methods have been based on

mechanistic process models, which are difficult and time-

consuming to build.9–13 As a class of alternatives, multivari-

ate statistical techniques have been widely applied to process

monitoring area and shown attractive merits over the model-

based methods. This category of approaches, termed as mul-

tivariate statistical process monitoring (MSPM), utilize the

historical data to extract variable correlations, reduce space

dimensionality, and derive normal operating regions. Process

faults can then be detected and diagnosed using the induced

statistical metrics.3,14 Two major MSPM methods, principal

component analysis (PCA) and partial least squares (PLS),

have been intensively investigated and applied to diverse

processes.2,15–19 Both methods project data onto lower-

dimensional subspaces and use the Hotelling’s T2 or squared

predicted error (SPE) indices to isolate the normal and

abnormal conditions.20,21 Other complementary MSPM

approaches, including Fisher discriminant analysis (FDA), ca-

nonical variate analysis (CVA), independent components

analysis (ICA), have been used to overcome some limitations

in PCA/PLS-based monitoring schemes.22–28 Meanwhile,

machine learning techniques, e.g., discriminant analysis

(DA), neural network (NN), expert systems, support vector

machines (SVM), Bayesian belief network (BBN), and mu-

tual information, have been explored to address the complex

process monitoring problems with some success.29–36

Despite a rich body of literature in chemical process moni-

toring, most of the MSPM approaches rely on the assumption

that the normal process data come from a single operating

region and follow a unimodal distribution. The popular PCA/

PLS methods, for example, require the operating data to

obey unimodal Gaussian distribution approximately so as to

guarantee the valid T2 and SPE control limits. In industrial

processes, however, operating condition shifts are often

encountered due to the changes of various factors such as

feedstock, product specification, set points, and manufactur-

ing strategy.37 When a process is running under substantially

different operating conditions, mean and covariance changes

can be significant in normal operating data. As a result, the

multimodality of data distribution would render the conven-

tional MSPM techniques inappropriate.
In literature, some research effort has been reported to

approach the multimode process monitoring issue through
the modified PCA/PLS methods. Hwang and Han proposed a
hierarchical clustering-based super PCA model for real-time

monitoring of chemical processes under multiple operating
modes.37 Nevertheless, this solution is applicable only if dif-
ferent operating modes share the common covariance struc-
tures. That is, each hyper-ellipsoid corresponding to a mode

should possess similar size and orientation. This assumption

restricts its application in many cases that experience a wide

range of covariance structures. Lane et al. employed a com-

mon subspace model to monitor multiproduct semibatch

processes.38 An identical eigenvector subspace is assumed

for the covariance of each individual product. Zhao et al.

developed multiple PCA/PLS models for multimode process

monitoring.39,40 In the preliminary step, however, a priori

process knowledge is required to manually segment the his-

torical operating data into multiple groups that correspond to

different operating modes. Moreover, a similarity threshold

has to be predefined by user to incorporate the similar data

groups. Those conditions are not desirable for automatic

process monitoring in industrial practice. Chen and Liu

proposed a mixture PCA model to deal with the processes

that are distributed in several operating regions.41 A heu-

ristic smoothing clustering (HSC) technique is adopted to

automatically determine the number of clusters and fault

detection is then performed on the basis of PCA model in

each cluster. The well-known soft independent modeling

of class analogy (SIMCA) method similarly identifies

global and local PCA models to predict a probable class

membership for new observations.42

In contrast to PCA/PLS-based approaches, Gaussian mix-

ture model (GMM) has not been explored in multimode pro-

cess monitoring until very recently. Choi et al. integrated

GMM with PCA and DA to detect and isolate faults in proc-

esses with nonlinearity, multistates or dynamics.43 Based on

a membership measure, each monitored sample is categorized

into a specific Gaussian cluster deterministically and the cor-

responding local PCA model is then selected for fault detec-

tion. Yoo et al. combined a similar strategy with multiway

PCA to monitor biological batch processes.44 However, these

methods ignore the possibility that the monitored sample

may come from other Gaussian components of lower poste-

rior probabilities, which may lead to biased monitoring

results. To overcome this deficiency, Thissen et al. defined a

density of mixture modeling (DMM) index for the estimation

of overall confidence boundary around multiple clusters.45 A

difficulty of this method, however, lies in its numerical pro-

cedure to derive the DMM limit. Monte Carlo simulation-

based random sampling method is usually needed to obtain

the boundary density value46 and the intensive computation

load is undesirable in industrial implementations. Further-

more, the above mixture models were all estimated via the

expectation maximization (EM) algorithm, where a whole set

of candidate models have to be built so as to find the optimal

number of components.
To address the current issues in multimode process moni-

toring, a finite Gaussian mixture model (FGMM) and Bayes-
ian inference-based probabilistic approach is developed for
fault detection under various modes in this study. The normal
process data at each individual operating mode are assumed
to follow a multivariate Gaussian distribution and the opera-
tion status is treated as a random variable that can be at any
of the possible modes with a prior probability. A FGMM is
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then constructed to characterize the multiple operating
regions, each of which corresponds to a Gaussian component.

In this work, the Figueiredo–Jain (F–J) algorithm47 is

adopted to train FGMM and the optimal number of modes is

adaptively determined from the data. In addition, the esti-

mated means, covariances, and prior probabilities well

describe the multiple operating regions under normal condi-

tions. Subsequently, a Bayesian inference strategy is used to

compute the posterior probability of a monitored sample

belonging to each Gaussian component. Thus, the Mahalano-

bis distance metrics for all the Gaussian hyper-ellipsoids can

be integrated through the posterior probabilities and a new

Bayesian inference-based probability (BIP) index is further

defined to detect process faults around different operating

regions.
The remainder of the article is organized as follows. Con-

ventional PCA-based process monitoring method is briefly

revisited. Then we describe the finite Gaussian mixture

model trained by the F–J algorithm to characterize the multi-

mode operating data. The novel process monitoring scheme

on the basis of FGMM and Bayesian inference is further

developed. The validity and effectiveness of the alternative

multimode process monitoring approach are demonstrated

through three application examples: an illustrative multivari-

ate system, a simulated continuous stirred tank heater

(CSTH) process, and the challenging Tennessee Eastman

Process (TEP). Finally, the conclusions and future directions

are outlined at the end of the article.

PCA-Based Process Monitoring

PCA serves as the most fundamental MSPM method and
has been successfully applied to monitor a wide range of
chemical processes. Let x [ Rm represents a m-dimensional
sample vector and X [ Rn3m be the normalized data matrix
with n samples. The PCA loading matrix P can be obtained
by eigenvalue decomposition on the covariance matrix cov(x)
as follows:

covðxÞ � 1

n� 1
XTX ¼ PKPT (1)

where L 5 diag{k1, k2,. . .,km} denotes the eigenvalue matrix

and P ¼ P̂ ~P
� �

contains the loading matrices of principal
component subspace (PCS) and residual subspace (RS),
respectively. Assuming that the first l principal components
are retained in the PCS with Ll 5 diag{k1, k2,. . .,kl}, two
types of statistical indices, SPE and T2, can be used for pro-
cess monitoring.3,48 The SPE index is defined as

SPE ¼ ðI � P̂P̂TÞx�� ��2 (2)

which is capable of detecting the variations in the RS. The

SPE control limit under 100(12a)% confidence level is given

by

d2a ¼ gv2h;a (3)

where g ¼ Pm
j¼lþ1

k2j =
Pm

j¼lþ1

kj and h ¼
� Pm

j¼lþ1

kj

�2

=
Pm

j¼lþ1

k2j .

On the other hand, the Hotelling’s T2 index is designed to
measure the variability within the PCS as follows

T2 ¼ xTP̂K�1
l P̂Tx (4)

For large number of samples, the corresponding T2 index fol-
lows an approximate v2 distribution with l degrees of free-
dom. Hence, the 100(12a)% T2 control limit is given by

T2
a ¼ v2l;a (5)

It needs to be stressed that the above results are valid only if
the process data follow a multivariate Gaussian distribution
approximately.

Finite Gaussian Mixture Model

For the processes running at multiple operating conditions,
the assumption of multivariate Gaussian distribution becomes
invalid owing to the mean shifts and/or covariance changes.
In this situation, however, the local Gaussian distribution is
still appropriate to characterize each subset of measurement
data from the same operating conditions. Therefore, the finite
Gaussian mixture model49–51 is well suited to representing
the data sources driven by different operating modes. Within
the mixture model, each Gaussian component corresponds to
an individual operating mode and the number of components
should be equal to the number of all possible modes through
the entire normal operation.

Let x [ Rm be a m-dimensional sample from a multimode
process. Its probability density function can be formulated as
FGMM below:

pðxjhÞ ¼
XK
i¼1

x
i
gðxjhiÞ (6)

where K is the number of Gaussian components included in
FGMM, xi denotes the weight of the ith component Ci,
hi ¼ li;Rif g and h ¼ h1; :::; hKf g ¼ l1;R1; :::; lK;RKf g rep-
resent the sets of local and global Gaussian model parameters
(i.e., mean vector li and covariance matrix Si), respectively.
The corresponding multivariate Gaussian density function for
the ith component Ci is given by

gðxjhiÞ ¼ 1

ð2pÞm=2jRij1=2
exp �1

2
ðx� liÞTR�1

i ðx� liÞ
� �

(7)

The mixture density function p(x|y) is essentially a
weighted sum of multiple local Gaussian components, and
the weight xi can be interpreted as a prior probability that
an arbitrary sample point comes from the ith Gaussian
component. For the mixture model, its cumulative density
function satisfiesZ

Rm

pðxjhÞdx ¼
XK
i¼1

xi

Z
Rm

gðxjhiÞdx
� �

¼ 1 (8)

Considering the fact that
R
Rm gðxjhiÞdx ¼ 1 holds for each

Gaussian component, we can obtain the following identity

XK
i¼1

xi ¼ 1 (9)
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with 0 � xi � 1 for the prior probability. Then the popula-
tion mean of the operating data from multiple modes is given
by

lx ¼
Z
Rm

xpðxjhÞdx ¼
XK
i¼1

xi

Z
Rm

xgðxjhiÞdx
� �

¼
XK
i¼1

xili

(10)

which indicates that the mixture mean is the convex combi-
nation of local Gaussian component means. However, the
mixture covariance does not possess such an explicit relation-
ship with the individual component covariances. A set of
illustrative data generated in two different operating regions
are plotted in Figure 1. The two solid-line ellipses represent
the 95% confidence boundaries of the two subsets of data
from different modes, whereas the single dashed-line ellipse
corresponds to the global confidence boundary of the full set
of mixed data. It is obvious that the global probability ellipse
encloses the two local ellipses and occupies an even bigger
region than the sum of two local ones. The illustration
implies that the volume of the global covariance hyper-ellip-
soid is inflated and its orientation is rotated relative to the
local covariances.

To construct a FGMM, the following list of unknown
parameters

H ¼ ffx1; l1;R1g; . . . ; fxK; lK ;RKgg

need to be estimated. It is noted that Y involves both the
Gaussian model parameters y and the prior probabilities xi

(1 � i � K). Because li and Si are m31 vector and m3m

matrix, respectively, the total number of scalar parameters to
be estimated is Kð1

2
m2 þ 3

2
mþ 1Þ � 1. A number of learning

methods, including maximum likelihood estimation (MLE),
EM, and the F–J algorithm, have been proposed for mixture
model estimation.49–51 With a set of training samples
X ¼ x1; x2; :::; xnf g, the log-likelihood function can be
expressed as

log LðX;HÞ ¼
Xn
j¼1

log
XK
i¼1

xigðxjjhiÞ
 !

(11)

and the parameter estimation problem is further formulated
as

Ĥ ¼ argmax
H

ðlogLðX;HÞÞ (12)

The MLE method estimates the parameters Y analytically
by setting the first-order derivatives of the log-likelihood
function to zero. A fundamental issue arises that the analyti-
cal solution may result in singular or ill-conditioned esti-
mates of Gaussian model parameters in some cases. As a
more tractable numerical strategy, the EM algorithm has
been extensively used in practice to estimate the maximum
likelihood distribution parameters. It is implemented itera-
tively by repeating the expectation step (E-step) and maximi-
zation step (M-step) to compute the posterior probabilities
and then the corresponding distribution parameters until a
convergence criterion of the log-likelihood function is satis-
fied. Given the training data X and an initial estimate

Hð0Þ ¼ fxð0Þ
1 ; lð0Þ1 ;Rð0Þ

1 g; :::; fxð0Þ
K ; lð0ÞK ;Rð0Þ

K g
n o

, the iterative

E-Step and M-Step are performed as follows:
l E-step:

PðsÞðCkjxjÞ ¼ xðsÞ
k gðxjjlðsÞk ;RðsÞ

k ÞPK
i¼1 x

ðsÞ
i gðxjjlðsÞi ;RðsÞ

i Þ
(13)

where PðsÞðCkjxjÞ denotes the posterior probability of the jth
training sample within the kth Gaussian component at the sth
iteration.

l M-step:

lðsþ1Þ
k ¼

Pn
j¼1 P

ðsÞðCkjxjÞxjPn
j¼1 P

ðsÞðCkjxjÞ (14)

Rðsþ1Þ
k ¼

Pn
j¼1 P

ðsÞðCkjxjÞðxj � lðsþ1Þ
k Þðxj � lðsþ1Þ

k ÞTPn
j¼1 P

ðsÞðCkjxjÞ (15)

xðsþ1Þ
k ¼

Pn
j¼1 P

ðsÞðCkjxjÞ
n

(16)

where lðsþ1Þ
k , Rðsþ1Þ

k , and xðsþ1Þ
k are the mean, covariance,

and prior probability of the kth Gaussian component at the (s
1 1)th iteration, respectively.

A major limitation of the basic EM algorithm, however,
remains that the number of Gaussian components has to be
prespecified by user and cannot be adjusted automatically

Figure 1. Illustration of multimode operating data along
with the estimated local (solid line) and
global (dotted line) probability ellipses.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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during the parameter estimation. To overcome this drawback,
the F–J algorithm is employed which starts with an arbitra-
rily large number of components and adjusts this number
adaptively by eliminating the components of insignificant
weights.47,51 The minimum message length (MML) criterion
is adopted to lead to the modified objective function as
follows

MðX;HÞ ¼ V

2

X
1�i�K

xi>0

logðnxiÞ þ Knz

2

�
log

n

12
þ 1

�

� logLðX;HÞ ð17Þ

where V ¼ 1
2
m2 þ 3

2
m denotes the number of scalar parame-

ters specifying each Gaussian component and Knz is the
number of effective components with non-zero weights. The

EM procedure can be utilized to minimize the objective
function in Eq. 17 through the enhanced weighting innova-
tion in the M-step:

xðsþ1Þ
k ¼

max 0;
Pn

j¼1 P
ðsÞðCkjxjÞ

� 	
� V

2

n o
PK

i¼1 max 0;
Pn

j¼1 P
ðsÞðCijxjÞ

� 	
� V

2

n o (18)

which annihilates the insignificant components by setting the
weighting to zero and thus adjust the number of effective
components iteratively.

Multimode Process Monitoring Based on FGMM
and Bayesian Inference

With the constructed FGMM, it is necessary to further
derive the confidence boundary around the normal operating

Figure 2. Schematic diagram of the proposed FGMM and Bayesian inference-based process monitoring approach.
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regions for process monitoring and fault detection. This is
similar to the T2 and SPE confidence limits in PCA-based
monitoring scheme. Owing to the multimodality of mixture
distribution, it is extremely difficult to acquire the analytical
boundary of the density function p(x|Y) under a certain con-
fidence level. Monte Carlo simulation has been used to
obtain the approximate quantile of probability density, which
actually delimits the normal and abnormal data.46 However,
this method is not appealing for large-scale industrial process
monitoring because of its expensive computation load.

In the proposed monitoring approach, Bayesian inference
strategy is utilized to compute the posterior probability of an
arbitrary monitored sample xt belonging to each Gaussian
component as follows:

Pðxt 2 CkÞ ¼ PðCkjxtÞ ¼ PðCkÞ � pðxtjCkÞ
pðxtÞ
¼ PðCkÞ � pðxtjCkÞPK

i¼1 PðCiÞ � pðxtjCiÞ
ð19Þ

which can be rewritten as

Pðxt 2 CkÞ ¼ xkgðxtjlk;RkÞPK
i¼1 xigðxtjli;RiÞ

ðk ¼ 1; 2; :::;KÞ (20)

where the denominator
PK

i¼1 xigðxtjli;RiÞ serves as a scaling

factor such that the posterior probability satisfiesPK
i¼1 Pðxt 2 CkÞ ¼ 1. It is noticed that the computational

procedure of posterior probabilities for monitored samples is
the same as the expectation step of EM algorithm in Eq. 13.

Considering that each component Ck follows a unimodal
Gaussian distribution, the squared Mahalanobis distance of xt
from the center of Ck follows v2 distribution provided that xi
belongs to Ck. That is

Dððxt;CkÞjxt 2 CkÞ ¼ ðxt � lkÞTR�1
k ðxt � lkÞ : v2m (21)

where Dððxt;CkÞjxt 2 CkÞ denotes the squared Mahalanobis
distance between xt and the mean center of Ck under the
assumption xt [ Ck, and v2m has m degrees of freedom. When
Sk is ill-conditioned due to colinearity, the following regular-
ized Mahalanobis distance is utilized instead to avoid too
wide confidence regions

Drððxt;CkÞjxt 2 CkÞ ¼ ðxt � lkÞTðRk þ eIÞ�1ðxt � lkÞ (22)

where the role of e is to remove the ill condition of covari-
ance matrix Sk by adding a positive number to all the diago-
nal entries.52 A large e value tends to convert the Mahalano-
bis distance to Euclidean distance and the elliptical confi-
dence boundary will become circular. Therefore, a small
value of e is recommended to restrict the bias between the
regularized and the actual confidence boundaries. It is noted
that a careful selection of e value is not required as long as it
is significantly smaller than the average variance of the data

Figure 3. Illustrative example: Training data from three operating modes.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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samples.53 Since (Sk 1 eI)21 is symmetric and positive defi-
nite, the regularized distance metric Dr approximately obeys
a v2 distribution as follows3,54

Dr : gv
2
h (23)

with

g ¼ trðRkðRkþeIÞ�1Þ2
trðRkðRkþeIÞ�1Þ (24)

and

h ¼
trðRkðRkþeIÞ�1Þ
h i2
trðRkðRkþeIÞ�1Þ2 (25)

For the monitored sample xt, define a local Mahalanobis
distance-based probability index relative to each Gaussian
component Ck as

P
ðkÞ
L ðxtÞ ¼ Pr Dððx;CkÞjx 2 CkÞ � Dððxt;CkÞjxt 2 CkÞf g (26)

or

P
ðkÞ
L ðxtÞ ¼ Pr Drððx;CkÞjx 2 CkÞ � Drððxt;CkÞjxt 2 CkÞf g

(27)

which can be calculated by integrating the v2 probability
density function with appropriate degree of freedom. Under a
given confidence level, this index serves as an indication of
whether the monitored sample is normal or faulty provided
that it belongs to the corresponding Gaussian component.
Considering the random characteristic that each monitored
sample may come from multiple Gaussian components with
the corresponding posterior probabilities, a global BIP index
is further defined to combine the local probability metrics
across all the Gaussian clusters. The formulation of BIP
index for the monitored sample xt is given by

BIP ¼
XK
k¼1

PðCkjxtÞPðkÞ
L ðxtÞ (28)

where the posterior probability PðCkjxtÞ is used to incorpo-
rate the contribution of each local Gaussian components to
the overall probabilistic index. Without classifying the moni-
tored sample into a single cluster deterministically, such a
probabilistic strategy can avoid the potential risk of false
detection induced by misclassification. As 0 � P

ðkÞ
L ðxtÞ � 1,

we have

0 � BIP �
XK
k¼1

PðCkjxtÞ ¼ 1 (29)

Figure 4. Illustrative example: Scatter plots of training data along with the estimated local probability ellipses.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Under a prespecified confidence level (12a)100%, the pro-
cess is determined within normal operation if

BIP � 1� a (30)

Otherwise, the process operation is treated out of control.
The BIP index-based control chart can be generated in a sim-
ilar way as SPE and T2 control charts with a constant control
limit at the confidence level 12a.

The schematic diagram of the proposed approach is shown
in Figure 2 and the detailed procedures for multimode pro-
cess monitoring are summarized below:

1. Collect a set of historical training data under all possi-
ble operating conditions.

2. Use the F–J algorithm to learn the Gaussian mixture
model and estimate the model parameter set
H ¼ l1;R1;x1; :::; lK ;RK;xKf g based on the iterative steps
in Eqs. 13–15 and 18.

3. For each monitored sample xt, compute its posterior
probabilities belonging to all Gaussian components
PðCkjxtÞðk ¼ 1; 2; :::;KÞ through Bayesian inference strategy
given in Eq. 20.

4. Calculate the local Mahalanobis distance-based proba-
bility index P

ðkÞ
L ðxtÞ for the monitored sample xt within each

Gaussian component Ck by Eqs. 26 or 27.
5. Integrate the local probability indices relative to all the

Gaussian components into the global BIP index via Eq. 28.
6. Specify a confidence level (12a)100%, and generate

the BIP control chart with the calculated BIP index values

for all the monitored samples and the constant control limit
12a.

7. Detect the abnormal operating conditions at the moni-
tored samples satisfying BIP[12a.

Application Examples

An illustrative multimode example. A simple illustrative
example is used to demonstrate the usage of the proposed
multimode monitoring approach. The simulation data are
generated from the following multivariate linear system

x1
x2
x3

2
4

3
5 ¼

0:3723 0:6815
0:4890 0:2954
0:9842 0:1793

2
4

3
5 s1

s2

� �
þ

e1
e2
e3

2
4

3
5 (31)

where [s1 s2]
T denote Gaussian distributed data sources and

[e1 e2 e3]
T are zero-mean white noises with standard devia-

tions of 0.01I. Three sets of data sources are simulated to
represent different operating modes as follows:

Mode 1 : s1 : Nð10; 0:8Þ; s2 : Nð12; 1:3Þ

Mode 2 : s1 : Nð5; 0:6Þ; s2 : Nð20; 0:7Þ

Mode 3 : s1 : Nð16; 1:5Þ; s2 : Nð30; 2:5Þ

where the means and standard deviations of s1 and s2 are
changed to reflect the shifts of operating regions. The

Figure 5. Illustrative example: Test data in faulty Case 1 (a) and 2 (b), respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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system is assumed to be running under the above three
modes with equal probabilities. In the simulation, we gener-
ate 100 samples under each operating mode and use all the
300 samples as training data to construct a FGMM. The
time series plots of the training data are displayed in Figure
3. By implementing the F–J algorithm on the training sam-
ples, a three-component Gaussian mixture model is obtained
and all the statistical parameters (means, covariances, and
prior probabilities) are estimated. Figure 4 shows the scatter
plots of the multimode training data along with the esti-
mated 95% probability ellipses of the three Gaussian com-
ponents in all 2D subspaces. The means at different modes
are significantly shifted along with the inflated or reduced
covariances, which can be inferred from the altered source
signals in the simulation design. However, it is noticed that
the orientations of the three covariances are essentially the
same. This is due to the underlying colinearity of the multi-
variate system. It can be easily seen from Figure 4 that the
established FGMM precisely characterizes the multimodal
distribution of the operating data. Furthermore, the esti-
mated prior probabilities of the three Gaussian components
are all 0.33, which exactly matches the simulated operation.
It is worthwhile to emphasize that a priori knowledge on
the number of Gaussian clusters is not required prior to the
FGMM estimation.

To illustrate the utility of the proposed monitoring strat-
egy, a period of test data are generated in the following two
faulty scenarios, respectively.

l Case 1: The system is initially running at mode 1, and
then a bias error of 1.5 is added to x1 from the 101st through
200th samples.

l Case 2: The system is initially running at mode 2, and
a drifting error of 0.04(k 2 100) with k denoting the serial
number of test samples is applied to x2 between the 101st
through 200th samples.

The test data in the above two cases are exhibited in Fig-
ures 5a,b where both the bias and the drifting errors are
marked by arrows. The conventional PCA-based monitoring
procedure is first carried out on the test data, where the PCA
model is built using the full training data set from three dif-
ferent modes. The corresponding SPE and T2 control charts
under 95% confidence level in two faulty cases are given in
Figures 6a,b, respectively. It is obvious that neither SPE nor
T2 index can detect the bias fault in Case 1 as both of them
are below the control limit lines from the 101st through
200th samples. Similarly for Case 2, the T2 index completely
fails, whereas the SPE index does not go beyond the control
limit line until the 170th sample. The results indicate that the
conventional PCA method is unable to deal with the multi-
mode system because the prerequisite of unimodal Gaussian

Figure 6. Illustrative example: Conventional PCA-based SPE and T2 control charts in faulty Case 1 (a) and 2 (b),
respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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distribution becomes invalid in this situation. For the data
from multiple operating regions, the inflated global covari-
ance makes both SPE and T2 indices insensitive to different
kinds of faults. This fundamental issue cannot be resolved

simply by reducing the confidence level because it will cause
more normal samples to be misdetermined as faulty ones and
increase the type I error accordingly.

In contrast, the FGMM-based monitoring approach is per-
formed and the obtained BIP control charts for both faulty
cases are shown in Figures 7a,b. In the first case of bias
error, it can be observed that the BIP index value remains
below the control limit line for most of the initial 100 sam-
ples. However, it jumps across the control limit right after
the 100th sample and then stays above the threshold value
until the 200th sample. The BIP trend implies that the fault
occurs at the 101th sample and continues through the rest of
test period, which coincides with the simulation design of
Case 1. Since the confidence level used is 95%, the BIP val-
ues are beyond the control limit at ;6% normal samples,
which constitute the Type I error of fault detection. A more
aggressive setting of confidence level may result in a worse

Figure 7. Illustrative example: FGMM-based BIP control charts in faulty Case 1 (a) and 2 (b), respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 8. Schematic diagram of the simulated CSTH
process from Thornhill et al.55

Table 1. CSTH Example: Five Sets of Normal
Operating Conditions

Variable Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Level SP 12 16 9 12 12
Temperature SP 10.5 10.5 10.5 13.5 8
HW Valve 5.5 5 4.5 6 4

1820 DOI 10.1002/aic Published on behalf of the AIChE July 2008 Vol. 54, No. 7 AIChE Journal



Type II error, though the Type I error can be reduced as a
consequence. In faulty Case 2, a drifting error of x2 starts
from the 101st sample under operating mode 2. As shown in
Figure 7b, the BIP index exceeds the 95% control limit line
at the 110th sample and has maintained above the threshold
value since then. It indicates the fault occurrence in the sec-
ond half of test period. The BIP-based fault alarm is trig-
gered with a short delay of 9 samples, which should be
attributed to the incipient characteristic of the drifting fault.
Since the x2 measurement is drifting slowly, the first few
samples are still located within the statistically normal oper-
ating region. As the measurement error is being accumulated,
the sample points will move out of the local probability ellip-
soid at operating mode 2 and result in the increased BIP val-
ues over the control limit. After the initial detection point,
all the subsequent faulty samples stand above the control
limit line. As opposed to the complete failure of T2 index
and long delay of SPE index in the case of drifting fault, the
alternative BIP metric is capable of capturing the slow drift-
ing error in a fairly accurate and fast fashion. The results of
two test scenarios in this example demonstrate that the
FGMM-based BIP control chart is much more effective than
the conventional PCA-based SPE/T2 control chart in detect-
ing various types of faults under multiple operating modes.
Meanwhile, the BIP chart looks similar to the traditional con-
trol charts which can be visually inspected by practitioners in
a similar manner.

Simulated CSTH example

In this section, the proposed monitoring framework is

applied to a simulated continuous stirred tank heater process

under multiple operating conditions. The closed-loop simula-

tion of the CSTH pilot plant was originally developed by

Thornhill et al.55 As depicted in Figure 8, the stirred tank is

supplied with well mixed hot and cold water (HW and CW)

flow and heated by steam. The process inputs are the HW,

CW, and steam valve demands, and the outputs include the

electronic measurements of the level, temperature, HW, and

CW flow that are controlled by multiple PI loops. The nor-

mal disturbances that are present in the plant comprise an

oscillatory disturbance to the CW flow, a random disturbance

to the level, and a measurement noise in the temperature. A

full description of the CSTH process can be found in Thorn-

hill et al.55 and the closed-loop simulation programs are

available at their website.56

As listed in Table 1, five sets of operating conditions on

the level setpoint, temperature setpoint and HW valve are

designed to test the performance of the proposed method in

monitoring multimode processes. Three controlled variables,

i.e., level, temperature, and CW flow, are selected for moni-

toring in this study. It is noted that all the measurements in

this example are in the unit of mA. In the training period,

200 samples are generated under each operating mode with

1-s sampling time and the overall 1000 samples from multi-

Figure 9. CSTH example: Training data from five operating modes.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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ple modes are used to construct the nominal FGMM model.
The time series plots of the training data is given in Figure
9. By feeding the data into the model learning framework, a
five-component GMM is obtained. The estimated prior prob-
ability for each component is 0.2, which is in well agreement
with the actual process operation. The accuracy of other
model parameters (i.e., component means and covariances) is
further verified by the projected probability ellipses, as
shown in Figure 10. It is obvious that each operating region
is well defined by the corresponding Gaussian component.
As a critical prerequisite, the precise mixture model enables
the effective detection of abnormal operating conditions in
the monitoring stage.

For the testing purpose, two abnormal scenarios of instru-
ment bias fault and random variation error are considered. In
the first case, the initial 100 samples are simulated under
normal operating mode 1 and then a sudden step change of
20.5 is introduced into the level measurement from the
101st sample through the 200th sample. For the second case,
the initial 100 normal samples are also collected under mode
1, but followed by an inflated random variation in the tem-
perature measurement. The test data in both cases are exhib-
ited in Figures 11a,b. It can be readily seen that the immedi-
ate effect of the bias fault in Case 1 is a downward step

change in the measured tank level, which leads to a dramatic
increase in the CW flow and then the temperature drop. With
the control actions to compensate for the level change, the
plant is able to move back to the original steady-state operat-
ing point at the end of the test period. As shown in Figure
12a, the global PCA-based SPE and T2 control charts per-
form poorly in detecting the bias fault in Case 1. The T2

index is far below its control limit through the whole test pe-
riod and thus unable to trigger any fault alarm. On the other
hand, the SPE index does not exceed the control limit until
the 140th sample and returns below the limit line at the
180th sample. It suggests that the fault alarm is delayed by
;40 samples after the first advent of the level step change.
The low detection rate and long alarm delay of the global
PCA method stem from the inflated model covariance and
the reduced fault sensitivity. On the contrary, the proposed
BIP control chart in Figure 13a provides a clear and obvious
indication of fault occurrence right after the 100th sample.
Furthermore, the BIP index value stays above the corre-
sponding control limit until the end of the test period, when
the monitored samples are moving back into the original nor-
mal operating region. In this case, it is evident that the
FGMM-based approach outperforms the global PCA method
in terms of fault detection rate and sensitivity for multimode

Figure 10. CSTH example: Scatter plots of training data along with the estimated local probability ellipses.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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processes. In the second test scenario, the increased tempera-
ture variation happens immediately after the first 100 sam-
ples and results in the magnified variation of the level, as
illustrated in Figure 11b. The PCA-based SPE and T2 control
charts in Figure 12b completely fail to detect the random
variation fault. However, the BIP metric in Figure 13b
reports the sensor fault accurately by jumping outside of the
confidence limit from the 101st sample without any delay.
As the random variation error persists, the BIP index almost
remains above the control limit through the end of the test
period. The only two exceptional points, i.e., the 114th and
168th samples, constitute a 2% Type II error. In this multi-
mode CSTH example, the FGMM-based monitoring
approach is further proven to be highly effective in detecting
different types of sensor faults with negligible false alarm
rates, whereas the global PCA method appears to be very
insensitive to the faults.

Tennessee Eastman challenge problem

As a well-known benchmark process, the Tennessee East-
man process has been widely applied to evaluate and com-
pare the efficiency of process monitoring techniques. The

prototype problem is presented by Downs and Vogel57 and
based on an industrial process in Tennessee Eastman Chemi-
cal Company. The schematic diagram of the process is illus-
trated in Figure 14. It consists of five unit operations, i.e., a
reactor, a partial condenser, a recycle compressor, a stripper
and a vapor/liquid separator. Four gaseous reactants are fed
into the reactor to form two products along with a byproduct
and an inert, which are separated through the downstream
operations. Overall 41 measured output variables and 12
manipulated variables are present in the process. Moreover,
there are six modes of process operation, as listed in Table
2. The optimal steady-state conditions can be found from
Downs and Vogel.57 Since the process is essentially open-
loop unstable, various control strategies have been devel-
oped for this problem.58–62 In our study, the decentralized
control design developed by Ricker61 is adopted for the
closed-loop process operation and the simulation codes can
be downloaded online.63 The sampling time used is 0.05 h
and 22 continuous measurements among the 41 output varia-
bles are selected as monitored variables. Furthermore, the
first three steady-state operating modes are assumed to be
present with equal possibilities during the normal process
operation.

Figure 11. CSTH example: Test data of faulty Case 1 (a) and 2 (b), respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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To construct the nominal model for process monitoring,
1000 samples are collected under each of the above three
operating modes and total 3000 samples constitute the train-
ing data set. The obtained FGMM model consists of three
Gaussian components with the prior probability of 0.33 for
each component. The projected training data in the 2D PCS
along with the 95% probability ellipses corresponding to the
three components are exhibited in Figure 15. One can see
that the probability density of the operating data under the
three modes is well characterized by the estimated Gaussian
components. It should be noted that the training data in the
original 22D space is directly used for the FGMM estimation
and no preliminary step of dimensionality reduction is
needed.

To examine the effectiveness of the proposed monitoring
approach for complex industrial processes, four test scenarios
with different kinds of prespecified faults are designed, as
shown in Table 3. The first three test cases are running at a
single operating mode with certain introduced fault, while
the last one includes a mode shift and then an incoming fault
in the operation. The conventional PCA method and the
FGMM-based monitoring approach are applied to the four
cases and the corresponding control charts are shown in Fig-
ures 16 and 17, respectively. In Case 1, it appears that all the
three control charts (SPE, T2, and BIP) are capable of detect-

ing the process fault of feed loss with a short delay of around
24 min. Because of the interactions among the monitored
variables, the sudden loss of feed A can cause a series of
related variables to move far away from the normal operating
regions rapidly. As a result, the accumulated SPE and T2

indices of faulty data would be beyond the control limits
even though the global PCA model inflates the confidence
boundary of the multimode data. In this special case, both
PCA- and FGMM-based methods capture the dramatic pro-
cess fault with similar efficiency.

For Case 2, however, the fault alarm from the global PCA
method is delayed for more than 150 min in both SPE and
T2 charts. As the global probability ellipse is significantly
inflated, the initial period of samples following the step
change of condenser cooling water temperature is still within
the enlarged normal operating regions, which result in the
long delay of fault detection. On the contrary, the proposed
probabilistic approach catches the process fault with negligi-
ble delay and high detection rate, as shown in Figure 17b.
The comparison of detection results in Case 2 reveals that
the proposed method has higher sensitivity to the challenging
step change fault in multimode processes and can trigger the
fault alarm in a timely manner.

In Case 3, the increased random variation of condenser
cooling water temperature takes place at mode 3 between the

Figure 12. CSTH example: Conventional PCA-based SPE and T2 control charts in faulty Case 1 (a) and 2 (b),
respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Figure 13. CSTH example: FGMM-based BIP control charts in faulty Case 1 (a) and 2 (b), respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 14. Schematic diagram of the TEP from Downs and Vogel.57
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101st and the 200th samples. The fault can further propagate
in the plant and cause the increased variations in other rele-
vant variables to some extent. As observed in Figure 16c,
most of the faulty samples fall below the 95% control limits
in both SPE and T2 charts, which thus have extremely low
detection rates. The Type II error can be reduced by decreas-
ing the confidence level, whereas the increased Type I error
will induce more false alarms. The boundary of normal oper-
ating conditions inflates in the faulty directions and therefore
makes the SPE and T2 indices particularly insensitive to this
random variation fault. In Figure 17c, nevertheless, the
FGMM-based BIP control chart is found to be able to detect
the same fault without significant delay or false alarms. The
fault detection rate is 98% and the false alarm rate is 4%,
both of which demonstrate the high accuracy of the proposed
approach in detecting the difficult random variation fault.

For the fourth test case, the process is initially running at
mode 3 for 5 h and then switched to mode 1 for additional 5
h. From the 201st sample, a slow drift in reaction kinetics
occurs and continues for 5 h. The conventional PCA method
still performs poorly in dealing with the slow drifting fault.

As shown in Figure 16d, the SPE and T2 control charts miss
most of the faulty samples and thus have high type II errors.
In the T2 chart, for instance, it is obvious that the drifting
trend of the statistical metric starts after about 150 min of
the first event of drift fault. Even worse, the detection of
fault occurrence is further delayed for another 60 min as the
T2 index does not move above the control limit until then.
As opposed to the PCA method, the FGMM approach suc-
cessfully detects the drift fault in an early stage with a delay
of 33 min only. Furthermore, the detection rate keeps nearly
99% after the initial effective detection of the fault. The
results show that the FGMM-based monitoring approach is
far superior to the conventional PCA method in detecting the
slow drift fault with a much shorter delay. The different test
scenarios in the challenging TEP example demonstrate the
outstanding potential of the proposed approach to detect vari-
ous types of faults in industrial processes of multiple modes.

Conclusions

A novel finite Gaussian mixture model and Bayesian infer-
ence-based process monitoring approach is successfully
developed in this article. Aimed at the complex industrial
processes with multiple operating conditions, the proposed
method works when the normal operating data follow a mul-
timodal distribution, which can be characterized by a finite
Gaussian mixture model. Based on the multimode operating
data, the F–J algorithm is then employed to estimate the opti-
mal number of Gaussian components and their statistical
properties, i.e., means, covariances, and prior probabilities.
With the constructed mixture model, a Bayesian inference
procedure is utilized to compute the posterior probabilities of

Table 2. TEP Example: Six Process Operation Modes from
Downs and Vogel57

Mode G/H Mass Ratio Production Rate (Stream 11)

1 50/50 7038 kg/h G and 7038 kg/h H
2 10/90 1408 kg/h G and 12669 kg/h H
3 90/10 10000 kg/h G and 1111 kg/h H
4 50/50 Maximum
5 10/90 Maximum
6 90/10 Maximum

Figure 15. TEP example: Scatter plots of training data along with the estimated local probability ellipses.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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each monitored sample belonging to all the Gaussian compo-
nents, through which the local Mahalanobis distance metrics
are further integrated into a global BIP index. Consequently,
the multimode process can be monitored using the BIP con-
trol chart.

The presented monitoring approach is applied to the fault
detection of three multimode examples, which include an il-
lustrative multivariate system, a simulated CSTH process and
the challenging TEP problem. The comparison of monitoring
results demonstrates that the presented approach is superior
to the conventional PCA method in terms of higher detection
rates, lower false alarm rates and shorter delays of fault cap-
ture. In addition, it is shown to be consistently effective in
detecting different kinds of process faults. Another advantage
of the FGMM-based approach lies in its unified monitoring
metric (BIP) instead of two separate indices (SPE and T2) for
the PCA-based method. The proposed approach therefore

Table 3. TEP Example: Four Test Cases with Different
Kinds of Process Faults

Case Description

1 Normal sample 1–100, Mode 1
Faulty sample 101–200
IDV6: Sudden loss of A feed

2 Normal sample 1–100, Mode 2
Faulty sample 101–200
IDV5: Step change in condenser cooling water

temperature
3 Normal sample 1–100, Mode 3

Faulty sample 101–200
IDV12: Random variation in condenser cooling

water temperature
4 Normal sample 1–100, Mode 3

Normal sample 101–200, Mode 1
Faulty sample 201–300
IDV13: Slow drift in reaction kinetics

Figure 16. TEP example: Conventional PCA-based SPE and T2 control charts in faulty Case 1 (a), 2 (b), 3 (c) and
4 (d), respectively.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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provides a promising tool to monitor the complex industrial
processes under multiple operating conditions without need-
ing a priori process knowledge. However, it should be
pointed out that the proposed BIP index, like the SPE and T2

indices, is sensitive to data autocorrelation due to system
dynamics and thus requires each normal operating mode to
be at steady state approximately. Our current research is
focused on fault detection of continuous processes in chemi-
cal industry. Future work may extend the proposed method-
ology to the batch or semibatch processes. Furthermore, the
fault diagnosis aspect of multimode processes also deserves
investigation to identify the root cause variables.
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